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Abstract 

We study reduced matrix models obtained by the dimensional reduction of A/" = 2 
quiver Chern-Simons theories on S'^ to zero dimension and show that if a reduced 
model is expanded around a particular multiple fuzzy sphere background, it becomes 
equivalent to the original theory on S^ in the large- A^ limit. This is regarded as a 
novel large- A^ reduction on a curved space S^. We perform the localization method 
to the reduced model and compute the free energy and the vacuum expectation value 
of a BPS Wilson loop operator. In the large- A^ limit, we find an exact agreement 
between these results and those in the original theory on S'^ . 
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1 Introduction 

The localization technique has attracted much attention in recent years as an efficient 
method of computing a class of physical quantities of our interest. For instance, it en- 
ables us to compute exactly BPS Wilson loops or partition functions in 4d A^ = 2 su- 
persymmetric Yang-Mills (SYM) theories [Ij or those in 3d A^ = 2 Chern-Simons (CS) 
theories coupled to some matter fields [2H7]. In particular, predictions from their gravity 
duals, such as the N^/'^ law of the free energy [8| in the AB JM theory [9J , can be verified 
explicitly based on the localization method [3] and thus a remarkable progress has been 
made in testing the gauge/gravity correspondence [TU] . 

In this paper, we use the localization method for another purpose. We apply it to 
a dimensionally reduced matrix model of a general J\f = 2 non-chirajj quiver CS theory 
on S^ and show that there exists an equivalence in a large- A^ limit between the reduced 
model and the original theory on S^. This kind of large- A^ equivalence on S^ was ffist 
discovered in [11] for J\f = 4 SYM on Rx S^ (see also [T2] - [T^ for earlier discussions) and 
it is regarded as a novel type of the large- A^ reduction extended to the case of S^. 

The original large- A^ reduction initiated by Eguchi and Kawai asserts that a gauge the- 
ory on flat space-time in the planar limit is equivalent to a matrix model that is obtained 
by its dimensional reduction to lower dimensions [15]. This equivalence is significant not 
only because it realizes the emergence of space-time in matrix models, which is relevant 
in the context of the matrix model formulation for string theories [16], but also because 
this equivalence implies that the matrix models provide a non-perturbative formulation of 
planar gauge theories which is alternative to the lattice formulation. One may expect that 
supersymmetric theories can be described in terms of matrix models non-perturbatively 
based on this equivalence while it is generally difficult in the lattice formulatiorc. 



^ In quiver diagram, non-chiral means that for every arrow from node A to node B there is a corre- 
sponding arrow from node B to node A. 

^ There are considerable recent developments in the lattice theories for supersymmetric theories |17j . 



It is however well-known that this equivalence fails to hold due to the spontaneous 
U{1)^ symmetry breaking in the original Eguchi-Kawai model [TBj. To overcome this 
difficulty, the quenching and the twisting prescriptions were proposed [T81422] . Although 
the symmetry breaking can be avoided by introducing such prescriptions at least when 
the theory has a sufficient number of fermionqj, they do not preserve supersymmetry. 
Because of this, it had been difficult until recently to construct a non-perturbative for- 
mulation of supersymmetric gauge theories based on the large- iV reduction which keeps 
supersymmetry manifestly. 

The novel large- A^ reduction was proposed for theories on 5*^ [TT]. It states that a 
reduced model, which is obtained by the dimensional reduction of a gauge theory on 
S^ to a point, becomes equivalent to the original gauge theory in the large- A^ limit if 
the reduced model is expanded around a certain multiple fuzzy sphere background and 
a continuum limit is taken. In this proposal, the above-mentioned difficulty is avoided 
thanks to the curvature of S^. On S^, a gauge theory acquires a mass gap, which is 
inversely proportional to the radius of S^, and hence does not possess a flat direction, 
which would lead the symmetry breaking and spoil the large- A^ equivalence. This implies 
that the prescriptions are not needed in this case, so that a reduced model obtained from 
a supersymmetric gauge theory still keeps part of the original supersymmetry. One can 
therefore use the reduced model as a non-perturbative formulation of the supersymmetric 
theory on S'^. So far, such formulation has been considered for A/" = 4 SYM [11], SYM 
with lower supersymmetry [25] and supersymmetric quiver CS theories [26] . The large- A^ 
reduction has also been extended to the cases for more general manifolds such as group 
manifolds [27] and coset spaces |"28j. 

In particular, the large- A^ reduction for A/" = 4 SYM on i?x S*^ has been studied actively 
[291432] since it is relevant to testing the original version of the AdS/CFT correspondence 
for the type IIB string theory on AdS^ x 5*^. The reduced model of A/" = 4 SYM on 
i? X 5*^ is given by the plane wave matrix model (PWMM) |331[31]- This model preserves 
SU{2\A) symmetry, which can not be realized in the lattice formulation at present, so that 
it is expected to describe the original theory on 5*^ in the continuum limit without any 
fine-tuning. Based on this formulation, one can analyze numerically the strongly coupled 



See mill for detail. 



regime of the planar TV = 4 SYM, which is mapped to the regime in the string theory where 
the supergravity or the semiclassical approximation is vahd. The methods of the Monte 
Carlo simulation for matrix models proposed in [351437] are available for the numerical 
computation. Thus, it gives a feasible way of testing the AdS/CFT correspondence. 

Although the validity of such non-perturbative formulation of supersymmetric theories 
has been checked by some perturbative calculations [291432] . it should be checked also for 
the strong coupling region. In this paper, we consider the large- iV reduction for A/" = 2 
non-chiral quiver CS theories on 5*^. Applying the localization method, we compute 
the partition function and the one-point function of the great circular BPS Wilson loop 
operator in the reduced model. Then we prove the large- A^ equivalence for these quantities 
to all orders in the perturbation theory. We also find that a saddle point configuration of 
the reduced matrix model is given as infinitely many copies of that in the original theory 
up to a cutoff effect, which is negligible in the continuum limit. This fact ensures that 
the equivalence also holds even in the strongly coupled regime. 

So far, a similar test of the large- A^ reduction has been done for the pure CS theory 



on 



s^ m 



iljf 



which is a solvable topological field theory [44j. Since the path integral of 
the reduced model is easily performed in this case, it is possible to see the agreement of 
two theories through a direct calculation. Although the theory we consider in this paper 
contains dynamical degrees of freedom and hence is not so simple, the localization method 
enables us to verify the large- A^ equivalence explicitly. 

This paper is organized as follows. In section 2, we review known results on the 
computation of the partition function and the BPS Wilson loop operator in a general 
A/" = 2 quiver CS theory. In section 3, we introduce the reduced model of the theory 
on S^ focusing on the supersymmetry transformation. We also perform the path integral 
of the reduced model by means of the localization. In section 4, we show the large- 
A^ equivalence. We first extract a theory around the multiple fuzzy sphere background 
which creates 5*^ from the result of the localization and see that the theory reduces to a 
certain eigenvalue integral. By studying this integral, we see the equivalence both in the 
perturbation theory and in the saddle point equation. Section 5 is devoted to conclusion. 
In appendices, some details are gathered. 



"^See [381139] for preliminary results of such attempts. 
5 See also mSSI. 



2 Localization in J\f = 2 quiver CS theory on S^ 

In this section, we review some known results for the locahzation in a A/" = 2 quiver CS 
theory on S^ [2H5]. We assume that the gauge group is given by a product of unitary 
groups, (^^ U{Na), and consider a general matter content. We set the radius of S'^ to be 
one in this paper and our convention for the theory on S^ is summarized in appendix [Al 
In this theory, there are nilpotent supersymmetries, which we will call Q symbolically 
in the following. The partition function is invariant under adding Q-exact terms to the 
action. Hence the path integral can be localized onto the saddle points of the Q-exact 
terms. For a gauge multiplet, the role of the Q-exact term is played by the Yang-Mills 
(YM) action on S^ and for a matter multiplet by a part of the matter action. The saddle 
point configuration is given by the fiat connection for the gauge field, which is trivial on 
5*^, namely, A^ = up to gauge transformation. Also all the matter fields are zero at the 
saddle point. The other bosonic fields in the vector multiplet, a and D, take nontrivial 
values at the saddle point. They are given by, 

a = —D = constant. (2-1) 

Then, the calculation of the partition function amounts to computing the 1-loop determi- 
nant at each saddle point. The result is written as a summation over contributions from 
all the saddle points, namely in our case, as an integral over the constant matrix a for 
each gauge multiplet. In the following, we will work in the gauge in which a's in all the 
gauge multiplets are diagonahzed, so that the integration measure has the Vandermonde 
determinant as / Yli ^^i Y\i<ji.^i ~ '^jY ^^ ^ach gauge multiplet. 
The contribution from a vector multiplet is given by 

^/sinh(vr(a.-a,))y^ (2.2) 

fj-j V 7r(a, - a,) J 

up to an overall constant. Note that the denominator cancels the Vandermonde determi- 
nant. 

Then, let us consider the contribution from a matter multiplet in the bifundamental 
representation which couples to two different gauge multiplets. The determinant takes 



the following form 

TTTT 

n-l-q-i{ai- Pa)' 



TT TT ^ + ^ ~ g + ^(^i - Po') ^9 ox 

1111 .,_i _^_,Y^.._n.V ^^■'^> 



n>0 i,a 

where q is the dimension of the lowest components in the matter multiplet and p is the 
counterpart of a in the second gauge multiplet. The determinant for an adjoint matter 
multiplet can be obtained by putting pi = ai in (12.31) . In particular, when g = i, it is 
simplified and given by 

ncosh(7r(a.-a,))- ^^"^^ 

For example, the ABJM theory with gauge group U{Ni)k x f/(A^2)-fc contains two 
vector multiplets and four matter chiral multiplets in the bifundamental representation. 
The partition function is reduced through the above calculation to the so-called ABJM 
matrix model, 

UdaUdo n.<,sinh^(^(^.-^.))n.</.sinh^(^(P.-P/^)) ^y:,.H^y:.P^ 
[^ ' ^} '" n.„cosh^(-(-.-p.)) 

(2.5) 

where the Gaussian factors are obtained by substituting the saddle point configuration to 
the original CS actions and the coupling constant is related to the CS level as Qs = 2TTi/k. 
A correlation function of Q-closed operators can also be reduced to an eigenvalue 
integral by the localization method. We consider the one-point function of the EPS 
Wilson loop. 



W{C) = ^trPexp (i I dsix^i 



s)A^{x)-t\x{s)\a{x))], (2.6) 



where tr stands for the trace in the fundamental representation and A^ is the rank of the 
gauge group for A^. We consider a great circle on S^ as the contour C. It is parametrized 
as (see appendix [B] for our notation for 5*^) 

K(s)} = (eis), ^is),ijis)) = (0, 0, Atts), (2.7) 

with s G [0, 1]. In this case, the operator is BPS and Q-closed. Evaluating the one-point 
function around the saddle point, we arrive at 

^(^) = ^E<^'^">' (2.8) 

i 

6 



where (■ ■ ■ ) stands for an average taken with respect to the eigenvalue integral obtained 
by the localization of the partition function. Note that in the large- A^ limit, which is our 
main interest in this paper, a general correlation function of the Wilson loops decomposes 
to a product of the one-point functions because of the factorization property. 

The remaining task of this calculation would be to perform the eigenvalue integral. 
Although there are several efficient ways of evaluating the integral [3t[7l l45] - [47] . we do 
not review them here since any explicit solution is not needed in this paper. In the 
following sections, we consider the reduced model of the quiver CS theory and show 
that its partition function and the one-point function of a corresponding operator are 
equivalent to the above eigenvalue integrals of the theory on S^ in the large- iV limit. 

3 Reduced model for Af = 2 quiver CS theory on S^ 

In this section, we construct the reduced model of the M = 2 quiver CS theory on S^ 
and apply the localization calculation to the model. We first perform the dimensional 
reduction from S^ to a point to obtain the reduced model. Then, we perform the lo- 
calization for each multiplet of the M = 2 supersymmetry. We list the action and the 
supersymmetry transformations in the original theory on S'^ in appendix |Al 

3.1 Dimensional reduction 

Let us first demonstrate the dimensional reduction of the CS term flA.ip for a single gauge 
multiplet. In order to reduce it to a point, we expand the gauge field A in terms of the 
right-invariant one-form e" defined in (IB. 31) as, 

A = Af,{x)dx^' = Aa{x)e'', (3.1) 

and drop the coordinate dependence of Aa and of the other fields in the multiplet. Using 
the Maurer-Cartan equation (IB. 51) . the derivative of A can be calculated as follows, 

dA -^ Aade^ = e'^^^AaC^ A e^ (3.2) 

where the arrow represents that we have dropped the derivative of Aa- By applying (13.21) 
to (lA.ll) and performing the integral, which produces only an overall constant factor given 



by the volume of unit S^, we obtain the reduced model of the CS term, 

1 



Shs = --,^r 



AaA" - -E^^'AaAbA, - -AA + Da 
3 « " ^ 2 



(3.3) 



Here, the indices a, b, c are raised and lowered simply by the Kronecker delta and we have 

introduced a coupling constant g for the reduced model. The value oi g will be determined 

later such that the original continuum theory is reproduced in a continuum limit. 

The original theory on S^ has two kinds of the Killing spinors in the right-invariant 

frame. One is constant and the other is dependent on the coordinates of S^ as shown in 

(lA.lOp . Under the dimensional reduction, the constant Killing spinors survive and they 

generate the supersymmetry transformations of the reduced model. By dimensionally 

reducing the supersymmetry transformations in the original theory (lA.7p . we find that 

( 13. 3 P is invariant under the following supersymmetry transformations: 

1 _ 
SAa =-(A7ae-e7aA), 

Sa = - -(Ae-eA), 

6X =^i'''eFab -De + 7»e[A,,, a] - ae, 

6X =^i'''eFab + De- 7'^e[A„ a] + ae, 

6D = - i[A„, A]7'^e - ^er[Aa, A] + '-[\e, a] + ^[eA, a] - he + h\, (3.4) 

where 

Fab:=2eabcA''-t[Aa,Ab]. (3.5) 

The transformations (13. 4p consist of two independent parts generated by e and e as 6 = 
(5e + S^. The Killing spinors e and e are constant complex two-component spinors, and 
decomposed into the upper and the lower components. The transformation generated by 
each component is nilpotent. To see this, we take two parameters e and e' which have 
only the upper components and hence satisfy e'e = e[e2 + ('2^1 = 0. Then, we can see that 
the supersymmetry is nilpotent, 6^/6^ = 0. For example, these transformations act on A 
as follows, 

6,>6A =^r''<^eabM^' + ihae', A,]) - e(-^[A„ A7'^e'] + '-[\e', a] - he') 
- lre[Aa, Xe'] + '-^elhae', a] + ie(Ae') 



8 



- 2A(ee') + z[A(ee'), a] - [YX{ee'), A^] = 0. 



(3.6) 



Thus it is indeed nilpotent. The commutator between S^ and S^ becomes a sum of gauge 
transformation, R-rotation and SU{2) rotation, while the commutator for two barred or 
two unbarred parameters vanishes (see appendix [C|) . 

We next consider the dimensional reduction of the YM term for a gauge multiplet. By 
performing the above dimensional reduction to (]A.2p . we obtain, 



or 
'-'YM 



Tr 



i^-^" 



l(a + D)' - ^[Aa, a]' + ^X^iAa, A] - AA + '-X[a, X] 



(3.7) 



This action can be written as a total superderivative: 



eeSyM =^eSe Tr 



-XX-2D(T 



{3.t 



We then consider a bifundamental matter multiplet {0, ip, F} coupled to two vector 
multiplets, {Aa, X,a,D} and {Ba,ri, p,D}. The matter action on 5''^ is given by (1A.4I) . 
Applying the same dimensional reduction to ( JA.41) . we obtain 



rr 



matter 



0V(A„ Baf^ + -^^ - ^7"^iAa, Ba)^p + q{2 



2q 



Tr 

+ i{2q - l)0V(cr, p)0 + 2^V(a, p)^) + z^V(A, vi)(j) - i(f)V{X, ff)%lj 
+ i^V{D,D)(l) + ^V{a, pfcj) + FF . 



-ijjijj 



(3.9) 



Here, V{A,B) is defined in (lA.SP and q is the anomalous dimension of the matter mul- 
tiplet. If the original matter action on 5*^ has a superpotential, one can obtain a corre- 
sponding potential in the reduced model easily through the same procedure. The action 
(13. 9 P is invariant under the following supersymmetry transformations, 

Scj) =eip, 

64> =eip, 

S^ =jW{Aa, Ba)(p + zeV((T, p)(P - q<Pe + eF, 

5^ =7«eV(A„ 5,)0 - 2V(cr, p)0e - g0e + Fe, 

6F ={q - 2)ije + e^ViAa, Ba)^ - tV{a, p)^e - t{eV{X, r/))0, 

5F ={q - 2)Ve + e7"V(A„ B,)^/' + zeV(a, p)^^ - z(eV(A, r/))0. (3.10) 



One can also check the nilpotency on the matter fields. The matter action can also be 
written as a total super derivative: 

ee^^atte. = S-e^e Tr[# - 2z0V(a, p)</) + 2(g - 1)#]. (3.11) 

The adjoint matter is given as a special case of the bifundamental matter. Namely, if 
we identify one gauge multiplet with the other, the action (13. 9 p and the supersymmetry 
transformations (I3.1UI) reduce to those for an adjoint matter multiplet. 

The reduced model of a general M = 2 quiver CS theory is constructed by combining 
(13. 3p and (13. 9p plus an appropriate superpotential term [26]. For example, the ABJM 
theory contains two copies of supersymmetric CS theory of which gauge groups are U{Ni) 
and U{N2) with opposite levels fc, —k. The matter sector consists of four matter multiplets 
{07, ^/,F/}, which are in the bifundamental representation for / = 1,3 and in the anti- 
bifundamental for J = 2, 4. The anomalous dimension q is 1/2. The action of the reduced 
model consists of two CS terms (13. 3 p and four copies of (13. 9p plus the superpotential term 
which is obtained by the dimensional reduction of the quartic superpotential in the ABJM 
theory. 

3.2 Localization 

We then apply the localization to the reduced model of a general A/" = 2 quiver CS theory. 
We take a product of unitary groups (^^ U{Ka) as the gauge group of the reduced model. 
Since the reduced model preserves the nilpotent supersymmetry, one can perform the 
localization in the same manner as in the original theory on 5*^; we first add (13. 7p and 
(13. 9 p to the action of the reduced model as S"^ — > S**" + tSyj^j + t'S'^^j^^^, where t and t' are 
parameters. Since (13. 7p and (13. 9 p are exact under the supersymmetry, the path integral 
does not depend on t and t' . Then, sending t, t' — )■ oo reduces the path integral to a sum 
of the 1-loop determinant at each saddle point. 

3.2.1 Saddle points 

The localizing locus of the matrices in a gauge multiplet is determined by the vanishing 
condition of (13. 7p . 

F,fe = 0, a + D = 0, [A„a] = 0. (3.12) 

10 



This is solved by 



Aa = -2La, a = a, D 



(3.13) 



where La is a representation of SU{2) generators obeying [L^, Lf,] = ie Lc and a satisfies 



[La, cr] = 0. 



(3.14) 



La is reducible in general and is decomposed to a direct sum of irreducible represen- 
tations in a suitable basis as 

\ 






-A/2 



LAfs 






[i. 



V 



lM,/,®i^'^^V 



(3.15) 



Here A is an even positive integer, s = —A/2, —A/2 + 1, ■ ■ ■ ,A/2 label the diagonal 
blocks. La is the irreducible representation matrix of spin jg, and Ms is the multiplicity 
of each representation. The total matrix size of the gauge multiplet is given hj K = 
Ss=-A/2 ^sC^js + !)• From Schur's lemma it follows that a takes the following form in 
this basis, 



' (X_A/2 ® l2i_A/2+l 



a 



\ 



CTs 1 



2JS + 1 



(3.16) 



\ aA/2 ® 12JA/2 + 1/ 

where a^ are M^ x Ms hermitian matrices. 

Recall that in the original theory on S^, all the gauge fields are zero at the saddle points 
up to gauge transformation. When it is reduced to a point, however, the gauge equivalence 
class becomes smaller and hence the model becomes to possess many nontrivial saddle 
point configurations, (13.131) . 

It is easy to see that at a saddle point, all the matrices in matter multiplets vanish. 
They contribute to the partition function only through the 1-loop determinant. 
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The path integral of the reduced model results in the integration over the moduli space 
of the saddle point configuration, which is given as the summation over the representations 
of SU{2) as well as the integration over a. Thus the partition function takes the form 






Z=}_^ Z|^4, (3.17) 

{Ra} 

where Ra is a Ka dimensional representation of SU{2) as in fl3.15p for each gauge multiplet 
and the sum is taken over all possible representations for all the gauge multiplets. ^{_r„} 
is written as an integral over a and the integrand is given by the product of the 1-loop 
determinants which come from all the multiplets. 

We make use of the residual gauge symmetry to diagonalize a. Then, the integration 
measure obtains the Vandermonde determinant for each block labeled by s, 

Jda^ JYldasiYlAia.Y, A(a,) = J](a,, - a,,), (3.18) 

s,i s i>j 

where cxsi's are eigenvalues of as- In the following, we will work in this gauge. 

3.2.2 The gauge sector 

We expand the matrices in a gauge multiplet around the saddle point given by (I3.13P as 
Aa = —2La + A'^, a = a + a' and so on, and perform the 1-loop integral with respect 
to the fluctuations in the gauge multiplet. For this purpose, we need to fix the residual 
gauge symmetry which leaves the background (I3.13P invariant. From the original gauge 
symmetry written as Aa — ?■ UAaU\ U G U{K), one can read off the transformation law 
for the fluctuation as 

< ^ -2[f/, L,]f/t + UA'^UK (3.19) 

We adopt the standard Faddeev-Popov method and choose the following gauge-fixing 
condition for A'^, 

[La,A'-] = 0. (3.20) 

Then the ghost and the gauge-fixing terms are given by 

S'^Host = - Tr itb[La, A'^] + 2c[La, [La, c]] - c[La, [A-, c]]) . (3.21) 



12 



Note that the zero mode of the ghosts, that is, the mode satisfying [-La,c] = is absent 
in the above action. 

We then perform the 1-loop integral around the saddle point keeping only the quadratic 
part of the fluctuation. The relevant part in the total action S^g + SyM + "^Ihost S for the 
gauge multiplet is given by 

Tr { (e,,,A- + z[L^, A',] - z[L,, A'^])' +^-{a' + D'f - \ [a, ^1]^ + [L., o'f 

- AY[^a, A'] - A' A' + ^A'[a, A'] - 2c'[L„ [L„, c']] - z6'[L„ A^]}, (3.22) 

where the fluctuations are represented by the primed matrices. In f l3.22p . the zero mode 
of a' is not included. Since this mode corresponds to the direction of the moduli of the 
saddle point, it is treated in the moduli integral in (I3.18p . 
The integration over a', D' ^ c', c' and V yields 

det'([L„[L„-]])^/2^([L„A'^), (3.23) 

up to an overall constant, where det' means that the zero mode is removed in taking the 
determinant. 

In order to calculate further, let us decompose the matrices to smaller blocks which 
are defined by the structure of L^ in (I3.15p . We label each block by a pair (s,t), where 
s, t run from —K/2 to A/2, and denote the (s, t) block of A^ by Aa' . Note that Aa' is 
a {2js + l)Ms X (2jt + l)Mj rectangular matrix. Each block component can be expanded 
in terms of the vector fuzzy spherical harmonics defined in appendix |D] as 

^}''' = E E E 4^-^P ® ^Lu.^a. (3.24) 

P=-^Q=\3s-jt\'^=-Q 

where Q = J + 5p,i, Q = J + 5p^-i and the sum over Q is taken for J > 0. aj^p is a matrix 
with size Mg x Mj. 

The delta function in (I3.23P constrains the p = component, Cj^q, in the above 
expansion to vanish. In fact, using (ID.lOp . we find that 



«'* J'>\is-jt\ m=~J 



^We omit t and t' in front of the YM action and the matter action since they are irrelevant for the 
evahiation of the 1-loop determinant. 
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(s t) 

We can therefore integrate out ctj^o trivially leaving the factor, 

js+jt J 



n n n{v/^^(^^'+^}''={d^t'([^-[^--]])r^- 



(3.26) 



s,t J>\js-jt\m=-J 



This cancels the other factor in (13 .23 p . 

We then perform the integral over A'^ with p = ±1 in the expansion (I3.24p . By 
substituting (13.241) to (I3.22p . the relevant part of the action becomes 



T^{(e^.A" + ilL,.A',]-,lU,A'Jf-^[a.A'f} 



EEEE 



(a 



JmpJtj 



2{J+ly + ^{cXs^-atJ: 



(3.27) 



s,t i,j p=±l J,m 

where z = 1, 2, ■ ■ ■ , M, and j = 1, 2, ■ ■ ■ , Mf We have used the formulae (iPTTj) . (lDl3|) 
and ( ID.lSp . Then the integration results in the factor, 

-1/2 



nnnn 

s,t i,j p=±l J,m 



2iJ + iy + -iasi-atj] 



(3.28) 



The exponent —1/2 comes from the fact that aj^l, satisfy a kind of the reality condition. 



''Jmp 



\"i-(js-it)+i „{*.«) t 



J —mp^ 



(3.29) 



which follows from ( ID.13P and the Hermiticity of A'^. 

To perform the integration over A' and A', we also expand them in terms of the spinor 
fuzzy spherical harmonics defined in fID.Sp as 



js+jt u 

y(s,i)a ^ ^ 2-] Z_, ^J^^®^J^{JsJt)c^' 

js+jt U 



[{s,t) 



^a ' — 2-^ 2-^ 2-^ '^Jm.K 



Y 



Jm{jsjt)a 5 



t 



(3.30) 
(3.31) 



where a denotes the spinor index, U = J + jS^^i, U = J + |(5k,-i and the summation over 
U is taken for J > 0. Plugging these expansions into the action, we obtain 



It, 



Tr<|-AY[^a,A']-A'A' + -A'[<T,A'] 
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s,t i,j K=±l J,m 



KAl 



1 /x 3 

---K J+- 
4 V 4 



- 0", 



(Ttj 



(3.32) 



where we have used the formulae flD.12p and flD.16p . Therefore, the integration with 
respect to A' and A' gives the factor, 



nnnn 

s,t i,j K=itl J,m 



- + k( J+-j + ^{crs^ - CTtj] 



(3.33) 



Combining the above results with the Vandermonde determinant for a, we obtain the 
1-loop determinant from the gauge multiplet, 

■ J - 1 + ,.{a„ - <T«)/2)"+2 



nA( 



a. e 



E.,.2^-?.n£^*nMn 



js+jt I 



Because of the cancellation between bosons and fermions, this is simplified to 



(3.34) 



-E. 



2JS + 1 2 



nn 



cr.« 



cr 



s Kj 



(js-Jt)' + (^s»-^tj)V4 
i-L (2j, + 1)2 + (a,, - a,,) V4 fi ^ A (j, + J, + 1)2 + ^a,, - a^^fj^ 



S3 1 



nn 



s<t i,j 



(3.35) 



3.2.3 The matter sector 



We first consider the matter multiplet in the bifundamental representation (13. 9p . After 
integrating out F and F trivially, the relevant part of the matter action is given bju 



Tr 



0{4V(L„ L J2 + 1 + (V(a, p) - z(l - q)f}<P 
+ ^P{2rViLa, La) + zV(<T, p) + (2 - g)}^ 



(3.36) 



Here, L^ and p are the saddle point configurations for the second gauge multiplet and are 
the counterparts of La and a, respectively. They take a similar form to (I3.15P and (I3.16p . 
We define t, kf, A and Mf for La and p as the counterparts of s, js, A and Mg in (I3.15P 
and (I3.16p . respectively. 

We decompose the bifundamental (rectangular) matrices to the block components and 
denote them by 0(*'*) and ■?/;(*'*) corresponding to the zz in La and the t-th block in La- 



^Wc will omit the primes for the fluctuations of the matters. 
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They are {2js + l)Ms x [2kt + l)Mt matrices and can be expanded in terms of the fuzzy 
spherical harmonics as 



js+kt J 



d^,t) 



L{^,t) 



Yi 



J=\ja-kt\ m=-J 



Jmn ^^ Jm{jakt)a^ 



(3.37) 



K=±l {/=|j^_fcj| m=-U 



where (f)j^ and i/jj^l are the Mg x M^ matrices. In this basis, V(La, La) can be rewritten 
as 

js+kt J 

V(L„ LJ0(^'*) = E E <^fe^^ ® ^- ° ^^'^O-^'^*)' (3.38) 

J=|js-A:t| m=-J 

where LqO is defined in flD.2p . By substituting f l3.37p . the quadratic part of the matter 
action becomes 

E E E E (^!/™ )-('^S^)- [(2-^ + 1)' + (^- - A- - ^(1 - <i)f] 

s,t i,a J=\jg-kt\m=—J 

js+kt U 



+EEE E E(^wU«^)- 

s,t i,a K=+l u—ij^_i^Am=—U 



2k{ J + 



g - 2 ) + * i'^si ~ Pto^J 



(3.39) 



where i = 1, 2, ■ ■ ■ , Mg and a = 1, 2, ■ ■ ■ , Mjj- Then, we find after a simple calculation 
that the 1-loop determinant for the bifundamental matter multiplet is given by 

js+kt 



nn n 



2J + 2-q + i{asi - ptc 
2J + q-i{asi -ptc) 



(3.40) 



s,t i,a J=\j^-kt\ 

The 1-loop determinant from the adjoint matter is easily obtained by identifying one 
gauge multiplet with the other in the above calculation. The result is given by 

js+jt 



nn n 

S,t l>j J=|j^_jt 



i2J + 2-q)^ + {asi-at] 
(2J + g)2 + (a,,-(7i,)2 



(3.41) 



^ It will not cause any confusion to use a both for the spinor index and for the index labeling the 
diagonal components of pt ■ 
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In the reduced model of the ABJM theory, q = 1/2 and there are two bifundamental 
and two anti-bifundamental matters. Hence the 1-loop determinant from the matter 
sector is given by 

3.2.4 Wilson loop 

The Wilson loop operator in the reduced models of theories on S^ was constructed in 
[32|H2] . It is given as a naive dimensional reduction of the Wilson loop in the theory on 



W{C) = ^Tt 



Pexp ( i (f) ds{x''{s)el^{x)Aa - i\x{s)\a] 



(3.43) 



In the case that the contour is a great circle on S^, this operator is BPS in the reduced 
model, so that we can calculate the correlation function of this operator by the localization 
technique. In this case, substituting (12. 7p simplifies the operator as 



W{C) = ^Tt re2-*(^3-^-)l . (3.44) 

K 

Then applying the localization, we obtain 

{W{C)) =i-(Tre-^"'^3+'"^) (3.45) 

K 

. A/2 Ms 

= K S i2js + l)J2(^'--), (3.46) 

s=-A/2 i=l 

where to obtain the second line we have used the fact that each diagonal component of 
Lg takes a value in either integer or half-integer. (■ ■ • ) stands for an average with respect 
to the eigenvalue integral for the reduced model. 

4 Af = 2 quiver CS theory on S^ from reduced model 

In this section, from the reduced model we realize a quiver CS theory on S*^ with gauge 
group (3)a U{Na) in the 't Hooft limit in which 

Na ^ oo with — ^ and —^ fixed (4.1) 
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for any a and b. We assume for simplicity the gauge group to be U{Ni) x f/(A^2) and 
mainly consider the case of the ABJM theory, which contains two bifundamental multi- 
plets {Ni, N2) and two anti-bifundamental multiplets (A^^i, A^2)- However, it will be obvious 
that our argument is applicable to more general Af = 2 quiver CS theories. To realize 
the theory on 5''^, we take the reduced model with gauge group U{Ki) x U{K2) where 
i^i's {i = 1, 2) are much larger than A^j's such that the Kaluza-Klein (KK) modes on S^ 
are embedded in matrices in the reduced model. We denote by gi and g2 the coupling 
constants for the two CS terms (13. 3 p in the reduced model. 

4.1 S^ from matrices 

Recall that the partition function in the reduced model is given by a sum of 1-loop 
contributions around saddle points, each of which is specified by a representation of SU{2), 
( I3.17p . In order to obtain the theory on S^, we extract the following representations from 
the sum in f l3.17p . 

A„ = -2 4^'=1 ® 1^„ fi, = -2 lW ® U„ (4.2) 

s s 

which corresponds to the case of Ms = Ni for Aa and Ms = N2 for Ba in (I3.13P and 
Ki = Ni ZsC^Js + !)• We take j, as 

2js + l = n + s for - - < s < - , (4.3) 

where n is a positive integer. We then take the limits in which 

2 2 

n^oo, —^0, —^0, 
n n 

A — !■ 00, n — A — > 00, 

A^i -^ 00, A'2 -> 00 (4.4) 

with the following combinations fixed 

,,.M, ,,.M, ^. ,4.5) 

n n N2 

Here we explain the reason why the above representation and the limit create S^ 
(see [H] for more detail). First, we consider the original theory on S"^ . Since S^ is viewed 
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as an S'^-bundle over S"^, we can perform the KK reduction along the fiber direction. 
Then we obtain a theory on S"^ involving infinite KK modes. Refiecting the nontrivial 
fibration of S^, the KK mode with KK momentum rh on S'^ can be regarded as a field 
in a monopole background, where the monopole is sitting at the center of S"^ in R^ with 
monopole charge m. As the angular momentum of the field on 5*^ in the presence of a 
monopole is bounded below by its charge J > \m\, that of the KK mode is also bounded. 
The same situation can be observed in the mode expansion of a rectangular matrix f l3.37p 
if one identifies the angular momentum J and the monopole charge m on 5*^ with J and 
js — it in ( 13.37p . respectively. The only difference is the existence of the upper bound 
of the angular momentum jg + jj, which can be removed by putting 2js + 1 = n + s 
and taking the n — t- oo limit so that js + jt — t- oo and js — jt = ^ = ^- Indeed the 
rectangular block of the fluctuation is a regularization of a fleld on S"^ in a monopole 
background. Thus, expanding the reduced model around the appropriate representation 
(14. 2 p such that the full KK modes (— oo <fh< oo) on S'^ are reproduced, we can obtain 
the original theory on S^. Now the physical interpretation of n and A is clear; n plays a 
role of UV momentum cutoff on S"^ while A plays a role of UV cutoff on S*^. Therefore 
{La } in (14. 2 p creates S'^ while the multiplicities A''i and N2 reproduce the original gauge 
group U{N{) X U{N2). 

In the following calculation of the partition function or the Wilson loop, we flrst take 
the n — 7- 00 limit shown in (14. 4p with n/ gl and n/ g"^ flxed and later we take the other 
limits. This is possible since the n — t- 00 limit does not lead to any divergence. In the 
n — )■ 00 limit, we can replace the coefficients of the Gaussian terms in ( I3.35P with -^ = -r^. 
Then the contribution of the representation (14. 2 p from the summation in ( I3.17P is given 
by 



I / A^i N2 



// \ / A^ A^ \ 

n I n ^^** n ^^«° l -^aauge Mmatter ^Xp f - ^^ ^ ^.^i + ^ XI ^^" ) ' ^^'^^ 



2 



where ti and ^2 are defined in (14. 5p and Aigauge and J^matter are 1-loop determinants for 

the gauge and the matter sector, respectively, in the case of (14.21) . 

More concretely, M. gauge is given by 

r (^ _ „ \2- 

M gauge = JJ H^^- " ^^j)' 11 11 



s i<j s<t i,j 
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s a<p s<t a,l3 



{s-tf 



(4.7) 



where we have dropped the denominator in (13.351) because it becomes independent of agi 
or psa in the hmit, n — )■ oo. In addition we have dropped the irrelevant constant factor 

■M-matter depends on the matter content. For a matter multiplet in the bifundamental 
representation, it is given by 



M 



matter 



nn n 



bifund. s^t i,a J=\s~t\/2 

and for the ABJM theory, it is given by 



2J + 2-q + i{asi - Ptc 
2J + q-i{asi - Pta) 



(A.t 



M 



matter 



TTTT TT /'(2'^ + i)' + (^--^*'''^' 



ABJM s,t i,a J=|s-t|/2 



. U2J+l)^ + {asi-pto 



(4.9) 



4.2 Perturbative proof of large- A^ equivalence 

4.2.1 Feynman rule for reduced matrix model 



We consider the perturbation theory of (14.61) with respect to the 't Hooft couplings, ti 
and t2, in the limit (14.41) . Here J^gauge and Aimatter are regarded as interactions. We will 
prove the equivalence between the reduced model (14. 6 p and the original theory on S^ by 
showing one to one correspondence of Feynman diagrams between these theories. 

To read off the Feynman rules, it is convenient to rewrite (14. 6 p in a manifestly U{Ni) x 
U{N2) invariant form, which is given by a multi-matrix model consisting of matrices (Tg 
and ps with double trace interactions. 

In (gTD, the factors []<, I[i<j{(^si - cTsjY and H^ YlaK/siP'^a - Pspf correspond to the 
Vandermonde determinants for matrices as and p^, and the remaining factor of a si can 
be written as 



nn 

s<t i,i 



[a si - (Ttj, 



exp 



exp 



s^t a,6GZ>o ^ 
a+6e2N 



ty^ 



(4.10) 
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where Z>o is the set of non-negative integers and 2N is the set of even positive integers. 
Kab is a numerical factor given by 

K.,^t^h^'']i-ir. (4.11) 

a + b \ a I 

The factor consisting of Psa in (14. 7p is obtained by just replacing a — )► p in (14.101) . 

For a matter multiplet in the bifundamental representation, if one naively applies the 
same calculation to the factor (14.81). one obtains 



oo oo 

exp 



E E E^{(,7tV3^) -(^) IE :)(-ir-:-.:^ 



J-— 



s,t 7_ \s—t\ n=l ^^ '^ ^ ^ / J r=0 

(4.12) 



We find that for n = 1, the coefficients of trcTg and trp^, are divergent since they have the 
form ^j J, and therefore we can not perform the perturbative expansion. However, there 
is no such a divergence in non-chiral theories such as the ABJM theory, which we consider 
below. Note that if we restrict Og and ps to traceless matrices for each s, trcr^ = trp^ = 0, 
we do not have the divergence. In this case the following argument can be applied and the 
reduced model properly realizes the perturbative expansion in A/" = 2 quiver CS theory 
with a bifundamental matter of SU{N\) x SUiN'i) gauge group . 

For the reduced model of the ABJM theory, M.raatter can be written as 



exp 






s,t a,6GZ>o 
a+be2N 



(4.13) 



where ({z, q) is the generalized zeta function 

oo ^ 

C^{^z,q) = Y- -. (4.14) 

In summary, the reduced model of the ABJM theory is given by 



j f n ^""^^P^ ) ^^P ( -^ 5Z ^^^' + ^ 5Z ^^Z^' + ^Uae + U, 



matter 1 ' 



(4.15) 
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where Ug^^g^ and U^^^^^j. are the double-trace interactions: 



U. 



K, 



ab 



gauge 



{s - t)«+^ 



(tr<tra,^ + trp^trp^), 



u: 



-E E 

a+fee2N 



(4.16) 



matter / _^ / j Oa+fe 

,t a,fegZ>o 

a+be2N 



A I ,3 |s — tl 



trff^trpj. 



(4.17) 



From this action, we can read off the Feynman rule (see Figured]). The propagators 
are given by 



{crsijC^tkl) — -^TTJ-^st^il^jk, {Psal3Pt-fS) 

The vertex of tra" tra^, or trp" trp^, gives a factor 



2N,. 



-^st^aS^p-y- 



2K. 



ab 



_ f\a+b ■ 



(s-t) 



(4.18) 



(4.19) 



The vertex of tra" trpj gives a factor 



2a+b p \ ^ ' 4 ^ 2 



C{a + b,- 



s-t 



(4.20) 



We write KWf and (l4:20|) collectively as V^f'^^; 
-2. 



v: 



(a.fe) 



'(s-t)"+* 



for Ki"'') G ?7: 



gauge' 



St 



2" 



if^ C(a + &4 + V)-C(a + &,| + V) forK?''^G[/; 



(4.21) 



matter " 



Here, "V"/^"' G U'^gauge' ^^d "V"/j°' G f^matter" Kisau the vertices coming from the interac- 
tions Ul^^g^ and ?7;;,„iter, respectively. 

We discuss the calculation of the free energy based on the above Feynman rule. In 
this calculation, only connected diagrams are relevant as usual. Here, by "connected" 
we mean that any parts in a diagram are connected by dashed lines or by double lines. 
Figure m shows examples of such diagrams. Since we are interested in the limit 04. 4p . let us 
consider what kind of diagrams contributes to the leading order of the l/A'^1^2 expansion. 
It turns out that the leading contribution is given by the diagrams satisfying the following 
two conditions: 



22 



t s 




3 k~ 7 

(a) cr-propagator (b) p-propagator 




(c) ival tva^ 




(d) trpt trpt 



(e) tra^ tvpf 



Figure 1: The red double line represents a, and the blue double line represents p. The 
dashed line represents a double trace interaction. A vertex in a single color, such as (c) 
or (d), represents an interaction in Ug^^^^, and thus s j^ t. A vertex in two colors, such as 
(e), represents an interaction in U^^^^^^. 




(a) 'tree' diagram 



(b) non-'tree' diagram 



Figure 2: Examples of connected diagrams. While the dashed lines in (a) do not form a 
loop, the dashed lines in (b) do. 



Condition 1. They are planar with respect to the double lines in the ordinary sense. 

Condition 2. They can be separated into two parts by cutting any dashed lines. 
We call a diagram satisfying the latter condition 'tree' diagram since this condition is 
equivalent to that any dashed lines do not form a loop. We can check the latter condition 



explicitly for Figure 2(a) as follows. Since A^i and A^2 are in the same order in the limit 



(14. 4p . we denote the order of them collectively by A^. Each propagator gives a factor of 
A^~^, each index loop gives A^ and each vertex gives N^. While (a) is proportional to 
Ar-13 X A^i5 = A^2^ (b) is proportional to A^"^^ x A^^^ ^ jyo^ rjj^^g^ Figure |2(b)] does not 
contribute in the limit (Hj 
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4.2.2 Feynman rule for ABJM matrix model 

We next construct the Feynman rule for the ABJM matrix model on S^, given by (12.51) . 
This can be written as a manifestly U{Ni) x U{N2) invariant form as follows, 

/ dadpexp I -— ^tra^ + y^trp^ + Ugauge + Umatter I , (4.22) 



27r2 _ Ni 



where we have defined the 't Hooft couplings A, as ^^ = ^ {i = 1,2), and Ugauge and 
Umatter a^G the double trace interactions, 

Ugauge = " JZ '^Kab C(a + 6)(tra'' tra' + trp-^ trp''), 

a,b 

a+fee2N 

: Y. 4^a6 C (a + 6, ^) tm%ip\ (4.23) 



'-'matter 

a,b 

a+b€2N 

The vertices in the ABJM matrix model give the following factors. 



^ia,b) ^ I -^KabCia + b) for V(»'^) G Ugauge ^^ ^4) 

[AKabCia + b, I) for V^"'^) G Umatter- 

The relevant diagrams in the limit ( 14. ip are planar and 'tree' as in the case of the reduced 
model. 

Compared with the Feynman rule in the reduced model, the ABJM matrix model does 
not have the indices s, t, ■ ■ ■ in the Feynman diagrams. We will show that after summing 
over these indices in the reduced model, each diagram in the reduced model reproduces 
the corresponding diagram in the ABJM matrix model. 

4.2.3 Perturbative correspondence of free energy 

We compare the free energy of the reduced model with that of the ABJM theory. We 
will find that, in the limit (14. 4p . the free energy in the reduced model divided by A + 1 
coincides with that in the ABJM theory to all orders in the perturbation theory; 

•J reduced -7- //I okN 

. . = -rABJM, (4.25) 

under the following identification of the coupling constants, 

U = Xi {1 = 1,2). (4.26) 
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^(4,4) 




Figure 3: This diagram has three outermost vertices, V^^ , KtV , Vuw ■ Here, we have 
separated V}^ ' from the shaded part, Rt. 



We note that under f l4.26p the coefficients of the gaussian terms of f l4.15p and f l4.22p co- 
incide and so the factors coming from propagators in the reduced model and the ABJM 
theory trivially agree for the same Feynman diagrams. Therefore, in the following argu- 
ment, we ignore the factors of propagators and only take care of the factors coming from 
vertices in these matrix models. 

In the reduced model, any 'tree' diagram can be decomposed as 



EE^r^.. 



(4.27) 



Here, V}l^' is an outermost vertex, that is, a vertex on the tip of a branch in the 'tree' 
diagram, and Rt represents the rest of the diagram. See Figure |3l The explicit form of 
Rt for the case shown in Figure [3] is given by (IE. II) . 

We will show that in the A — )■ oo limit, we can replace the sum ^^ V^^" ' in (I4.27P by 
the corresponding vertex in the ABJM theory. That is, 

y(a,fe) 

A^-oo A -I- 1 ^^ ^-^ "" - A^oo A -I- 

t s I 

where V*-"'^-* in the right-hand side is given by V*-"'^-* G Ugauge when V^^" ' G Ugauge ^'^^ 
by V*^"'''^ G Umatter whcu v}l^' ' G f^matter" ^^ ^^ establish (I4.28p . by repeatedly replacing 
the vertices of the reduced model by those of the ABJM theory, the factor coming from 
vertices in the reduced model agrees exactly with that in the Aharony-Bergman-Jafferis- 
Maldacena(ABJM) matrix model. For an illustration of this procedure, see Figure IH 



hm -^ y y v}:^'^Rt = hm ^ y r, 

A^oo A + 1 ^^ ^^ ^* A^oo A + 1 ^-^ 



(4.28) 
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Figure 4: The vertices in this diagram give a factor x+y Xls i « Kt ^t^ ' where 
V;?''^ e Ul,^^,, and VS^^^ e f/;,„,,. By g2HD, in the A ^ oo hmit this is equal to 
y(2,4)y(2,2)_i ^^ ]^ _ y (2,4) y (2,2)^ g^j^^^ thus we cau rccovcr the factor of the correspond- 
ing vertices in the ABJM theory. 



Since this equivalence holds for all the 'tree' diagrams, we thus establish the perturbative 
equivalence of the free energy between the reduced model and the ABJM theory (]4.25p . 
We now prove fl4.28p . For the vertex V}^ G f^matter? ^^^ left-hand side in f l4.28p is 
calculated as 



-I 2 2 



A^oo A + 1 ^^ ^^ (s- tY+'' 

\ „__A \ ' 

I *~ 2 

A 
2 



lim -^ J2 KatRt(2aa + b)-c(a + b,^ + t + l\-c(c 






(4.29) 



The first term above agrees with the right-hand side in fl4.28|) . The remaining terms 
vanish in the A — )■ oo limit. To see this, we use the fact that |-Rj| has a A-independent 
upper bound denoted by C, which we prove in appendix |El By using this fact, the absolute 
value of the remaining terms is bounded from above by 

,_^^2^^// A 

A^oo A + 1 ^ I ^ V 2 

*~~ 2" 

1/^ 1 °° A + l\ 
= 4|i^„JC lim V- r^7-T+ V 7 ^T^ =0, (4.30) 

^n=0 ^ ' m=A+l ^ ' ^ 

where we have used the definition of the generalized zeta function (I4.14p . The terms in 
the second line are (9(log A/A) for a + 6 = 2, and (9(1/A) for a + 6 > 2. 
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For the vertex V}^' G U^^f^^^, the left-hand side in fl4.28p is calculated as, 
4ir„, 



A A 

2 2 



1 ^ ^ 4;;^ 

~+i 2^ 2^ ^ 



^ 2 * 2 




A 



(4.31) 

where we have used the equality, ({a + b,^) +CiO' + b,^) = 2"-^^ ({a + &, |). The first term 
in fl4.3ip agrees with the right-hand side in fl4.28p . The remaining terms vanish in the 
A — )■ oo limit, which can be shown in the same way as f l4.30p . Therefore, the equality 
f l4.28p has been proved. 

Here, we briefly comment on the cutoff effect of A. For this purpose, we consider the 



one-point function (trcr^) for a fixed s G { — ^, ■ ■ ■ , n"}- Figure 5(a) is one of the diagrams 



which contributes to the one-point function, and leads to the following factor 






In the A ^ oo limit, while (jOSD goes to 2 C(4) for all s e {-f +0(ln A), ■ ■ ■ , f -C(ln A)}, 
it deviates from 2(^(4) for s with |s± |-| ~ (9(A°). Therefore, although 04.32p depends on 
the value of s, the dependence is negligible for almost all s except near the cutoff ±^, and 



only s within (9(A°) from the boundaries feels the cutoff effect (See Figure 5(b)). Note 
that this argument also holds for more general diagrams. Thus, the number of the modes 
affected by the cutoff is (9(A°), which is negligible compared to the total number, A + 1. 
Since the free energy and one-point functions of Wilson loops are written as an average 
value over various s, the cutoff effect is negligible in the A — > oo limit. 

4.2.4 Perturbative correspondence of Wilson loop 

We can easily prove the perturbative equivalence between the Wilson loop in the reduced 
model and that in the ABJM matrix model. While the Wilson loop in the ABJM theory 
is given by (12. Sp . the corresponding object in the reduced model is obtained by applying 
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- n +- 

2 U ^2 

H \ ^S 



(a) (b) 

Figure 5: Figure (a): A diagram contributing to (trcr^). Figure (b) : Only s near i^- 
feels the cutoff effect. 



the representation (14.21) to fl3.46p . Therefore, what we want to show is 

A 

^(tre^-'^) = —-^ y (tre^--^), (4.33) 

where the (■ ■ ■ ) means the average with respect to the eigenvalue integral of each theory. 
In perturbation theory, both of the left-hand side and the right-hand side above are 
calculated by expanding the exponentials. Thus, (I4.33p holds if we have, for any positive 
integer a, 



We find that this is true from (14.281) . and so is (I4.33p . 

4.3 Large- A^ equivalence of eigenvalue density 

In this section, we investigate the eigenvalue distributions of a^ and ps in the reduced 
model for the ABJM matrix model. We show that if s is sufficiently apart from the 
cutoff ±A/2 the eigenvalue densities of as and ps coincide with those of a and p in the 
ABJM matrix model, respectively, and thereby prove the large-A^ equivalence between 
the reduced model and the original ABJM theory. 

We start with the ABJM matrix model (12. 5p . From (12. 5p . the effective action for the 
eigenvalues are read off as 

^^^ = y^Xl^^^-^l^Pa- 2l]l^^i^^^{'^(^i~^i)}~ 2^^"^^^^^^^^*^^""^"^^ 
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+ 2 J^lncosh{7r(CTi-p„)}. (4.35) 

Varying Scs with respect to ctj and pa, we obtain the saddle point equation 
ttAi 



= — — (Tj — y coth{7r(o"j — 0",)} + y tanh{7r(o"j — Pa)}, 



i V 9 V — ^ V — ^ 

= -^Pq - > coth{7r(pQ - P/?)} - > tanh{7r(o-i - p^)}. (4.36) 

ttAo — — 

Let us introduce the eigenvalue densities for Oi and pa as 

p{^) = jr'^^{^-^i)^ ~p{^) = jT^K^-pc)- (4.37) 

Using these we can rewrite the saddle point equations as 

1 /• iV2 /" 

=^^ - f dy coth{n{x - y)} p{y) + jj- dytcinh{n{x - y)} p{y), 

1 /" NT 

= —X - f rfycoth{7r(x - y)} p{y) + ^ dy tanh{7r(x - y)} p{y), (4.38) 

7rA2 J I\2 J 

where f represents the Cauchy principal integral. In the large- A^ limit (14. ip . the eigenval- 
ues obeying (I4.38P form a continuous distribution and so the eigenvalue densities become 
smooth functions. The explicit solution of (I4.38P can be found in [3tli5]. 

Next let us consider our reduced model (14. 6 p for the ABJM theory. The effective 
action for the eigenvalues asi and psi is given by 



s iy^j s ajtl3 

{(^si-Crtj)'^\ 1\^\^, /i , {Psa-pt(3y 



si SOL s i^j s aj^f} 

2^t^ I is-ty i 2^^ 1 (s-ty 



s,t i,a J=\s—t\/2 . 



ln<((2J+^j + ((T,i - pto)4 - In H 2 J + i j + (a.^ - pto)^ 



(4.39) 
where the summation of s, t is taken over s,t = —A/2, ■ ■ ■ , A/2. The saddle point equa- 



tions are 







A^l V^ 1 V^ V^ 0"si - (Ttj 



-^- - E :r—r. " E E 
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-2E 

t,a J 


E 

= \s~t\/2 


N2 
= -*/ 


SO. / 

/3( 


t,i J 


00 

E 

= |s-t|/2 



0"., 



Ptc 



Csi - Pto 



E 



(2J + f )" + (ff.j - p,„)2 (2J + D' + (a.i - p,„)2 

1 V^ V^ Psa — PsP 



EE 



P^" - P«/3 t'J^) V "^^ ~ ^''^ ^ "^^'^ ~ ^^'^''^ 



0"ti - Ps 



C^tJ — Ps 



(2J + I) + (at, - PSO.Y (2 J + I) + (a^i - psa)\ 
We introduce the eigenvalue densities of as and ps in the reduced model as 

pW {x) = —Y^5{x-asi). pW {x) = jfY^K^-pso). 

^ i=l ^ a=l 



(4.40) 



(4.41) 



and rewrite (I4.40p as 

= Ix - / rfy^pW {y)-y2 [ "^y-f — 

^1 J x-y ff J [s- 



x-y 



t{^s) 



ty + {x-yy 



2iy2^p y. 

t J=\s-t\/2 



dy 



x-y 



P^'\y) 



x-y 



{2J + lY + {x-yy {2J+lY + {x-yy 



nW 



P^'Ky), 



= ~x - { dy^—p^^\y) - J2 [dy 
^2 J x-y ±fj 

dy 



x-y 



t{^s) ■ 



{s — ty + {x — y)'- 



■P^Hy) 



2Ni 



E E 

t J=\s-t\/2 



X-y 



x-y 



{2j + iy + ix-yy {2j + iy + ix-yy 



P^Hy)- 



(4.42) 



We can find a solution to these equations in the A — t- 00 limit as follows. If one naively 
takes the A -)■ 00 limit in 04. 42 p . (pW(x),pW(x)) = (p(x),p(x)) with Ai = ti and A2 = ^2 
for arbitrary s turns out to be a solution to (14.421) . where (p(x),p(x)) is the solution to 
the saddle point equation (14.380 of the ABJM matrix model. This is because in this 
case (14.420 reduces to (14.380 (see appendix IF. 10 . This solution represents infinitely many 
copies of that of the original ABJM matrix model. Since the free energy and the Wilson 
loop in the reduced model are given by an average over all s's as (14.250 and (14.330 . they 
exactly coincide with those in the ABJM matrix model. 

The densities {p^^^{x), p^^^{x)) with s near the cutoff A deviate from (p(x),p(z)). This 
cutoff effect would spoil the above naive argument if the correlation range between p''^^ 's 
and pt^'l's became larger as 0{A). In this case, the number of {p^'^' (x) , p^'^' (x)) which 
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deviates from (p(x),p(x)) would be 0(A), namely, the number of the deviating densities 
and that of the densities coinciding with (p(x),p(x)) would become comparable. Then 
the free energy and the Wilson loop in the reduced model given by the average over s's 
would not coincide with those in the original model. 

However, this is not the case of our reduced model. It turns out that the correlation 
range is (9(A°), and so the above naive argument is indeed valid. In fact, in the saddle 
point equation for pW(x) (or pW(x)), the coefficients of p^^\x) and pl*l(x) are suppressed 
if \t — s\ is large enough. As shown in appendix IF. 21 the contributions from the terms 
with |t — s| > InA can be neglected in the A — t- oo limit. Namely, the profile of p^'^\x) 
(or pW(x)) is determined only by (p[*l(x),p[*l(x))'s with |t — s| < 0{hP)^ which means 
that the correlation range is sufficiently small compared to the system size A, so that 
(p['^l(x),pt^l(x)) for \s\ < A/2 — In A are not affected by the cutoff. Therefore, in the 
A — )■ oo limit {p^^\x) ^ p^^\x)) = (p(x),p(x)) still holds except for very narrow region 
A/2 — InA < \s\ < A/2. This is consistent with our observation in the perturbation 
theory mentioned in the last part of section 4.2.3. Also this behavior of the densities is 
observed in the numerical simulation for the reduced model of the pure CS theory on 
S^ HI]. Although (pW(x),pH(x)) for A/2 - InA < |s| < A/2 differs from (p(x),p(x)), 
their contributions to the physical quantities, such as the free energy and the BPS Wilson 
loops, are negligible since the physical quantities are calculated as an average taken over 
all s's. 

Thus, for supersymmetric observables, the large-A^ equivalence between the reduced 
model and the ABJM theory is also shown non-perturbatively through the saddle point 
method of the eigenvalue density. One can also apply the saddle point analysis to general 
M = 2 non-chiral quiver CS theories and show the large- iV equivalence. 

5 Conclusion 

In this paper, we have studied the large-A^ reduction for a general M = 2 non-chiral 
quiver CS theory on S^ . We considered the reduced model of the ABJM theory on 
5*^ as an illustration and explained the calculation of the free energy and the one-point 
function of the BPS Wilson loop operator in the reduced model. We found that the 
localization technique reduces the calculation to eigenvalue integrals, as in the original 
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theory on S^. To establish the large-A^ equivalence, we first studied the integrals in the 
perturbation theory. We constructed the Feynman rule from the eigenvalue integrals, and 
found that each Feynman diagram in the reduced model coincides with a corresponding 
diagram in the ABJM matrix model in the continuum limit. Hence, we conclude that these 
supersymmetric quantities are equivalent in two theories to all orders in the perturbative 
expansion. Then we considered the saddle point configuration of the eigenvalues in the 
reduced model. We found that in the continuum limit the cutoff effect is sufficiently 
small and that the eigenvalue densities in the reduced model at the saddle point consist 
of infinitely many copies of those in the original theory. This implies that the expectation 
values of supersymmetric observables in the reduced model, which are written as the 
average over all the copies, agree with those in the original theory in the continuum limit. 
Thus the large-A^ equivalence holds also non-perturbatively. Our result gives a strong 
evidence that the non-perturbative formulation for supersymmetric theories based on the 
novel large- A^ reduction works successfully. 
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A J\f = 2 quiver CS theory on S^ 

In this appendix, we summarize our convention for A/" = 2 quiver CS theory on S*^ [5]. 
We consider the gauge vector multiplet and the matter chiral multiplets in the adjoint 
and in the bifundamental representation. 

A gauge multiplet contains fermionic (Grassmaniann) fields {A, A} as well as bosonic 
fields {y4^,cr, D}. There are two kinds of supersymmetric action for this multiplet: the 
CS action and the YM action, which are defined by 



Scs = — I d^x tr 



e'^'^iA^d^Ax - jA,A,Ax) + v/^(-AA + 2Da) 
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(A.l) 



Sym = J d?x^ tr [^F^^F^. + ]^{a + Df + \{D,af + '-X^D^X - \xX + '-X[a, X] 

(A.2) 

The field strength is defined as usual by F^j^y = d^Ai, — d^A^ — i[Afj,, A^], and the covariant 
derivative contains the gauge and the spin connections, 

^^A = d,X + ^uJ^'-fbA - t[A,, X]. (A.3) 

A matter multiplet in the bifundamental representation consists of bosonic fields 
{0, 0, F, F} and fermionic fields {■?/', -0}. We assume that they couple to a gauge mul- 
tiplet {A^, X, a, D} as the fundamental representation and to another gauge multiplet 
{Bfj^,-)], p,D} as the anti-fundamental. The supersymmetric action for this multiplet is 
given bjc 

Smatter = f d'x^ tr[D^0D^0 - 2^7^/^^^ + q{2 - q)^(l) - '^^Y^^PiJ + i{2q - l)0V(a, p)0 
+ #V(a, p)ip + #V(A, r])(t) - i4>V{X, ff)^ + i0V(F', I))0 + 0V((t, pfcp + FF]. (A.4) 

Here, q is the anomalous dimension and V(A, B) is defined as the operator which acts as 

V(A,5)0:= A0-05, V(A 5)0:= 50-0^ (A.5) 

on the bifundamental and on the anti-bifundamental field, respectively. The covariant 
derivative acts on the spinors as 

D^ij = d^ij + \uj^''lbc^ - zV(A^, 5^)^. (A.6) 

The actions ( ]A.ip .( !Al2!) and (1A.4I) are invariant under the supersymmetry transfor- 
mations, 

^ _ 
5A^ =-(A7^e-e7^A), 

5(7 = - -(Ae-eA), 

6X =\r''eF^, -De + i^tD^a + '^a^D^e, 

6X =^7^"eF^. + De- i^eD^a - jcr^^D^e, 



^In general, the theory may have a superpotential. We ignore it in this paper since it is irrelevant for 
the localization calculation. 
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5D = - '-D.X^e - '-n'D.X + '-[\e, a] + '-[e\, a] - '-{X^D^e + D^e^X), (A.7) 

for the gauge multiplet and 

6(f) =eip, 
6(f) =eip, 
6tfj =iYeD^(l) + zeV(a, p)0 + ^7'^D^e0 + eF, 

6tfj =ii^W^^ - 2 V(a, p)0e + ^07^^A.e + Fe, 

6F =eitYD^^fj - zV((T, p)ij - zV(A, r/)0) + ^(2g - l)/^;.e7^^, 

(5F =t{%^^D^^ + ^V(a, p)7A - ^V(A, r/)0) + ^(2g - \)D^l^^i), (A.8) 

for the bifundamental matter multiplet. The Grassmaniann parameters e and e satisfy 
the Killing spinor equation, 

D,e = ±^7^^. (A.9) 

In the right invariant frame defined in appendix |Bl solutions to the Killing spinor equation 
are given by 

e = eo and e = ge^ (A. 10) 

for the upper and the lower sign in (]A.9p . respectively, where eo is a constant spinor on 
5^ and gf is a group element of SU{2) defined in fIB.ip . 

The supersymmetry transformation 6 can be divided into two parts generated by e 
and e a.s 6 = 6e + 6^. While two unbarred or two barred supersymmetries commute, 
the commutator [5^,5^] is given by a sum of translation, gauge transformation, Lorentz 
rotation, dilatation, and R-rotation. 

One can also obtain the action and the supersymmetry transformation for an adjoint 
matter multiplet by identifying one gauge multiplet with the other in (IA.4p and (jA.Sp . 



B Our convention for S^ 

In this appendix, we summarize our convention for S^ with a unit radius (see also [TT|[T^). 
S^ is viewed as the SU{2) group manifold. We parametrize an element of SU{2) in terms 

34 



of the Euler angles as 

q — g-«'P73/2g-ie72/2g-JV73/2 /-g -|_-\ 

where 0<6<7i,0<ip< 27r, < ip < 4tt and 7^ are the Pauh matrices. The periodicity 
for these angle variables is given by 

{9, if, ij) ~ (^, ^ + 27r, ^ + 27r) ~ (9, ^, ^ + Att). (B.2) 

The isometry of S*'^ corresponds to the left and the right multiplications of SU{2) 
elements on g. We construct the right- invariant 1-forms under the multiplications, 

dgg'' = -ze'^Ta. (B.3) 

The explicit form of e" is given by 

e^ = -(— sirnpd9 + sin 9 cos ipdip) , 

e^ = - (cos (fd9 + sin 9 sin Lpdip) , 

e^ = -{d<f + COS 9d'4j). (B.4) 

It is easy to see that Ca satisfy the Maurer-Cartan equation, 

rfe" - Sabce'' A e^ = 0. (B.5) 

We take e" as the vielbein in this paper. In this frame, the spin connection is simply given 
by u"''' = e"'^^e^. The metric is given by 

ds^ = e^e" = J {d9^ + sin^ 9d<^^ + (# + cos 9d<^f) . (B.6) 

C Commutator between Se and 6^ in reduced model 

The actions of [6^, S^] on all the matrices are shown below: 
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and 



[6,,6,]D=z[x,D], (C.l) 



[(5e, (5# =-eab7"V + ^V(x, x)^ + (1 - g)«^, 

[(5,, (5# =^e,,7"V + ^v(x, x)^ - (1 - g)«^, 

[5„ 5,]F =zV(x, X)F - (2 - g)aF, (C.2) 



where 



:=/«£ e7ce, 

X-=- ^^aCT^e + o-ee 
X := - iBae'j^'e + pee 
a :=ee. (C.3) 

The action of [6^, 6i] on the gauge multiplet {Ba, p, r], D} takes the same form as {Aa, a, A, D}. 
We can read off from the above equations that G"^ are parameters of SU{2) rotation, x 
and X ci-re gauge transformations for A^ and Ba, respectively, and a is R-rotation. 

D Fuzzy spherical harmonics 

In this appendix, we review the fuzzy spherical harmonics which form a basis of rectan- 
gular matrices [rT|[T2]. 

Let us consider a {2js + 1) x [2jt + 1) rectangular complex matrix. Such a matrix 
M^^'^^ can be generally expanded as 

M(^'*) = Yl M^sn.,\jsms){jtmt\, (D.l) 

ms,mt 
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by using a basis {{jm) \m = —j, — j + 1, ■ ■ ■ ,j} of the spin j representation space of 
SU{2) algebra. We define an operation which multiphes the representation matrices of 
the SU{2) generators from left and right: 

L, o M(«-*) = ^ M^^^,(Ly^]|j,m,)(jtm,| - |j,m,)(jimi|LW), (D.2) 

ms,mt 

where Li stands for the spin j representation matrix of the generator. 

We can construct another basis of the rectangular matrices denoted by {^jmO^it)} such 
that they satisfy 

{LaofYjm(j,jt) =J{J + l)Yjm(j,Jt), 

L± o Yj^ij^j^) = V(J Tm){J±m + l)rjm±i{j.,jt), 

L3 O Yjm(j,jt) =mYjm{j,Jt). (D.3) 

^Jm(jsjt) ^^6 called scalar fuzzy spherical harmonics and defined by 

Yjmi^sn) = E (-y'''"^'ClZ.,.^^\jsms){jtm,\, (D.4) 

ms,mt 

where Cj^m^jtmi ^^^ the Clebsch-Gordan coefficients. Their hermitian conjugates are given 
by 

and they satisfy the orthogonality relation 

tr \ (Xjmij.jt)) yj'm'U'J^) \ = Sj,J'Sm,m'- (D-6) 



Then we define the vector fuzzy spherical harmonics Yj, . . s and the spinor fuzzy 
spherical harmonics yjm(j^ jAa^ where p = — 1,0,1, «; = — 1,1. The indices a = 1, 2, 3 and 
a = 1,2 are those for vectors and spinors, respectivel}o. They are written in terms of 
the scalar fuzzy spherical harmonics, 

n,p 



"'^"Here, we mean just a set of three or two matrices by 'vector' or 'spinor'. This terminology makes sense 
only when we regard them as the regularized version of the vector and the spinor spherical harmonics on 
S^ in the presence of a monopole. See [12] and references therein. 
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Up^a Upijsjt)^ 



(D.8) 



where Q = J + 6p^i, Q = J + 5p _i, U = J + ^5^^i and U = J + ^f^K,-!- V is an unitary 
matrix defined by 

-10 l\ 

-i 



V=^\-t 



The vector and the spinor harmonics satisfy the following formulae, 



--abc-L^b " ^ Jm{jsjt)c "^ ^ Jm{j„jt)a 

3 - 



Their hermitian conjugates are given by 



l^{J + ^)yjm{j,jt)a- 



(yP \^ _('_^n^-(is-Jt)+lyP 

V Jm(jsjt)a' V / J-m(jtjs)ai 

/yK \t _('_Am-(is-it)+Ka-l-lyK 

\^ Jm{jsjt)a) \ ) J-miJtja)- 



(D.9) 



(D.IO) 
(D.ll) 

(D.12) 



(D.13) 
(D.14) 



They also satisfy the orthogonality relations, 

fr I (YP )^Yp' 



Jm{js-jt)al J'm'{j'J[)a 



■ SjJ'6m^rn'Sp,p', 
SjT'Sm.,m'SK,K'- 



(D.15) 
(D.16) 



E Finiteness of Rt in the limit ( 14.271 ) 



We prove the finiteness of Rt in the limit of A — )■ oo. We first give the proof for a simple 
case shown in Figure |3l 

In this case, Rt is given by 



AAA 
2 2 2 



^* = E E E y^'^'y^^^'y^''^ 



(E.l) 



„=_A,=_A^=_A 
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and using the explicit form (14.21 p . this becomes 

AAA 



„=-A,=_A^=_A 



where we have omitted the A-independent factor, ^^82-^22-^22, defined in (14.1 ip . To 
evaluate this in the limit A — )■ 00, we make use of the following inequalities, 

A 

E (73^ = 2C(^)-c(^,| + ^ + i)-c(^,|-^ + i)<2C(^), 



A 

A 
2 



^ I J 1 \s-t\\ J 3 \s-t\\ 



2^C(.,^)-CUi + ^)-<^'i + ^)<2^H^'2)- ^^-'^ 



By utilizing these, ( ]E.2p is bounded from above by 



2C(10) X 2C(4) X C U , (E.4) 

and thus Rt is finite even for A —t- 00. 

As is obvious from this proof, a general Rt can also be bounded from above by a 
product of C functions, and thus we complete the proof of the finiteness of Rt. 

F Saddle point equation in reduced model 

F.l Naive A — > 00 limit 

In this appendix, we show that, if one naively takes the A — )■ 00 limit in (I4.42p . p^^' = p 
and p''^^ = p for all s is a solution of (I4.42p . To see this, we take the A — t- 00 limit and 
substitute the ansatz p'^^ = p and p'^^ = p for all s into (I4.42p (Here we show only the first 
equation of (I4.42p for simplicity. We can show the second one completely in the same 
manner.), then we obtain 



1 °° f _ 



t=—oo 
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oo oo 



t=—oo j_ 

•^— 2 



2N2 \^ s^ f J \ X — y X — y 

C-y)2J 

(F.l) 



^1 £ ?_J'^n(2J+i)^ + (x-y)2 {2J+lr + {x-yy(^^y^- 



By using the following formulae 



00 



1 ^-^ 2x sr--^ X 

COtllX = -+> ^5-^5 7, = y -^r-^ 5", 

n=l n=— 00 

00 „ cc 

tanlia; = V^- n^— -^ = Xl ^7 1x2 , 2 ' (^-2) 

■^^ TT^ m — ^ r + x^ -^^ TT^ln — j^)^ + x'^ 

n=l ^ ^' n=— 00 ^ ^' 

it is easily seen that the second term in the right-hand side of (IF.ip is rewritten as 
00 „ „ 

z2 J ^^ ^2 I (-3,, \2 p(y') = ^f dy coth{7r {x-y)}p{y) (F.3) 

while the third term is 



00 00 



t= — 00 T_\t\ 

■^~ 2 



2^ Z^ h^y](OTM3.\2,(^_,A2 (OTMl\2,(^_„\2(P^y^ 



(2J+|)2 + (x-y)2 (2J+|)2 + (x-y) 

X — y X — y 



E (2 J + 1) / ^1/ I ,0 7 ^ 312 /r^ _ „^2 - ro 7 ^ l^2 . '.^ .A. i- Piy) 



J=0,i,l, 



- 5Z / ^^yTz—T^^TT^T—^Piy) 



(2J+|)2 + (x-y)2 (2J+i)2 + (x-y)^ 
x-y 



n=0 ' 



(n + i)2 + (x-y)2' 



-- / dytaiah{TT{x-y)}p{y). (FA) 



Then (JF.ll) becomes 



1 f 7fN2 f - 

0=—x-'JTJ-dycoth{n{x-y)}p{y) + ^^ / dytanh{n{x-y)}p{y). (F.5) 

This is nothing but f l4.38p under the identification ti = Ai and ^2 = -^2; and thus p = p 
and p = p follow. 

F.2 Contributions from pW and p^ with |i — s| > InA 

Here, we evaluate the contributions from pW and p'*! with \t — s\ > In A in the first equation 
of fl4.42p . We show that they are negligible in the A — t- 00 limit. The same evaluation 
can be applied to the second equation of fl4.42p . 
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We assume that p'*' and p^ have finite supports, and so there exists a region [a, b] which 
contains all the supports. There also exist two constants c and c satisfying pi*] (x) < c and 
pt*l(x) < c, respectively, for arbitrary x G M and t. 

First we evaluate such contributions in the second term in (14 .42 p . 

A/2 s-lnA\ „fc 



t=s+lnA t=-A/2/ ^°' ^ ' ^ ^' 

' K/2-S -InA \ ( rb t \ 



~ c 

ra=lnA n=— A/2— Si 

-> (A ^ oo). (F.6) 

In the same way, those in the third term are evaluated as 

A/2 s-lnA\ oo ^f, 

W., J 

{2J+lY + {x-yf {2J+\f + {x-yf 



I / I ry ni If /J/ I 



^t=s+lnA i=-A/2/ j_ |3-t| -^Q 

A/2 s-lnA\ oo „ft 



^H E + E E / ^i/ 

t=s+lnA t=-A/2/ j_ |s-t| 



X — y X — y 

a ,(2J+|)2 + (a;-y)2"(2J+i)2 + (a;-y)2 



/ A/2~s -InA \ oo „{, , 

= ME+ E E/*4-9^ + o(^-') 

yn=lnA n=-A/2-sJ j=M ^ 

^0 (A ^ oo). (F.7) 
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